This paper studies the design of FIR filter with low group delay, where the desired phase response is not being approximated. It is formulated as a constrained optimization problem, which is then solved globally. Numerical experiments show that our design method can produce a filter with smaller group delay than that obtained by the existing convex optimization method used in conjunction with a minimum phase spectral factorization method under the same design criteria. Furthermore, our formulation offers us the flexibility for the trade-off between the group delay and the magnitude response directly. It also allows the feasibility of imposing constraints on the group delay.
Introduction
For filters with the same filter lengths, it is well known that nonlinear phase FIR filters can have smaller group delay and achieve better frequency selectivity than linear phase FIR filters if they are designed properly. Thus, nonlinear phase FIR filters have a wide range of applications in communications [1, 2] . A representative example is in telecommunications where long delays are known to cause problems of echo and singing on voice lines [3] .
There are many methods available in the literature for nonlinear phase FIR filter design [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . For the design of FIR filter with desired phase response, it can be formulated either as a convex quadratic optimization problem with convex quadratic constraints [4] or as a nonconvex optimization problem [2] , depending on whether or not the constraints on the group delay are imposed directly. For the case without constraints being imposed on its group delay, the formulated quadratic convex optimization problems in [4] are easy to solve by existing software packages. However, if the constraints on the group delay are imposed directly, the formulated optimization problem in [2] is highly complicated and only local optimal solutions can be ensured.
To overcome this difficulty, the non-convex constraints on group delay are relaxed to convex constraints such that the relaxed optimization problem can be solved by the semi-definite programming (SDP) [5] . Although a good solution can be obtained in some cases, there is no guarantee that it will do the same in general.
For the design of FIR filter without taking into consideration of its group delay, it can be formulated as a semi-definite quadratic optimization problem with linear constraints (see [6] and [7] ). By solving this convex programming problem, the autocorrelation of the designed filter is obtained. Then, a spectral factorization procedure is applied to construct the original filter. If a low group delay is required, then a minimum phase extraction method is applied. Traditionally, the design of such a filter is referred to as the minimum phase FIR filter design. There are many methods, which are available for the minimum phase filter design [3] [4] [5] [6] [7] [8] . The methods in [8] and [9] are mainly based on Herrmann's design procedure [10] in which the frequency response of odd-length equiripple linear-phase prototype filter is shifted up by onehalf of its stopband's peak-to-peak ripple to acquire the second-order zeros on the unit circle of the z-plane. In [3] , a design procedure is proposed to design minimum-phase filter based on root moments while keeping the same magnitude response. However, it requires to start from a linear-phase filter.
In [11] , a design procedure from a mixed-phase filter is proposed to fill the drawback in [3] . All the aforementioned methods for the minimum phase filter design are required to have a given FIR filter. On this basis, its minimum phase part are being extracted. The smallest group delay of the minimum phase filter is obtained from the family of filters with the same magnitude response. For a general constrained filter design, the smallest group delay cannot be obtained through the design of a minimum phase filter.
In this paper, we study the design of a low group delay FIR filter without imposing constraints on its phase response. Unlike the conventional minimum phase FIR filter design [3] [4] [5] [6] [7] [8] , we formulate it as an optimization problem directly and solve it globally. Numerical experiments show that our design method can produce a filter with smaller group delay than those obtained by the existing convex optimization method used in conjunction with a minimum phase extraction method under the same design criteria. Our formulation offers us the flexibility for the trade-off between the group delay and the magnitude response. Furthermore, it allows the feasibility of imposing constraints on the group delay. To achieve this task, we first derive a new simple criterion for group delay. Based on this newly derived criterion, the design of a low group delay nonlinear phase FIR filter is formulated as a fourth order polynomial optimization problem with quadratic constraints.
However, the solution of this problem is difficult to obtain, as solving the pnorm FIR filter design problem is a challenge. The main contribution of this paper is a novel and simple computational scheme to solve this difficult optimization problem based on the canonical duality developed in [15] . Since the objective function and the constraints for our formulated problem are either quadratic or the composite of two quadratic functions, the solution of the for-mulated optimization problem may be non-unique, causing difficulty in its convex reformulation [16] . To tackle this issue, we introduce a small linear perturbation term to break its symmetry. Under the canonical duality theory [15] , the global solution of this linearly perturbed optimization problem is This feature is not shared by the existing methods. Furthermore, our method gives rise to a smaller group delay than those obtained by existing methods under the same design criteria.
Problem Formulation
Consider an FIR digital filter of order K with transfer function H(z)
given by
where h k , k = 0, 1, ..., K, are real filter coefficients. The frequency response H(ω) can be expressed as
where |H(ω)| denotes the magnitude of H(ω) , while φ(ω) is the phase response which is related to the group delay τ (ω) as shown by
Let |H d (ω)| be the desired magnitude response given by
where B p is the passband and B s is the stopband. Taking derivative on both sides of equation (2), we obtain
In light of (1), we have
By the Parseval equality, it gives
where H * (ω) is the conjugate of H(ω). Since |H(ω)| is an even function, it follows that
where B t is the transition band. In (8) , it is shown that kh 2 k is a good measurement of the group delay in the passband and the transition band.
Our extensive numerical experiments show that minimization of kh 2 k can achieve a desired low group delay filter in the passband. This formula has been used in [17] to design narrow band lowpass filters with low group delay.
. Now we pose the design of a low group delay filter with the prescribed magnitude responses
given by (4) as the following optimization problem
where α is a weighting factor and ε is a ripple specification in the stopband.
Let this problem be referred to as Problem (P). In the absence of the first quadratic term in P (h), Problem (P) can be reformulated as a new quadratic optimization problem with linear constraints expressed in terms of the autocorrelation of the designed filter H(z) ( [6] , [7] ). By solving this reformulated quadratic optimization problem with linear constraints together with spectral factorization, the original filter coefficients are obtained. During the computation process, only linear matrix inequality (LMI) and spectral factorization are involved. Thus, the method proposed in [6] and [7] is effective.
However, due to the presence of the first quadratic term in (9), this method is not applicable to Problem (P). In the following sections, we will develop an efficient method to solve Problem (P).
Solution Method
During the computational process, the one-dimensional integral that appeared in (9) is evaluated by using Gaussian quadrature with M nodes, i.e.,
where
The functional inequality constraint (10) is discretized into finite number of constraints given below:
where ω s n ∈ B s , n = 1, · · · , N , and N is the number of the discretization points. Now Problem (P) is approximated by the following optimization problem.
Let this problem be referred to as Problem (P I ). Since (13) and (14) are all symmetric with respect to h, the solution of Problem (P I ) may not be unique which could lead to some difficulties in its convex reformulation. To break the symmetry, we introduce a linear small perturbation to (13) as it was suggested in [18] . Under this linear perturbation, (13) becomes
where g is a small perturbation vector. Replacing (13) by (15) in Problem (P I ), we obtain a perturbed optimization problem which is referred to as Problem (P Ig ). If g is small enough, then the global solution of Problem (P Ig ) can be viewed as an approximate global solution of Problem (P I ).
Thus, it is of crucial importance if Problem (P Ig ) can be solved efficiently. In the following, we introduce the canonical duality developed in [15] to solve Problem (P Ig ).
The Lagrangian function for Problem (P Ig ) is defined as
Let
a strictly convex function. Thus, (16) can be rewritten as
Let ς = ∇V (ξ) = 2Bξ. The Fenchel conjugate of V (ξ) is defined [19] as (18), the following total complementary function [15] is obtained.
Taking ∇ h Ξ(h, ς, λ) = 0, we have
we obtain the canonical dual function
The canonical dual problem (P d Ig ) is defined as follows:
The Lagrangian functionL(ς, λ, σ) of
For Problem (P Ig ) and Problem (P d Ig ), we have the following theorem.
Proof. 1). We first show that h * is a feasible solution of Problem (P Ig ).
By direct computation, we have
and
and noting that ∇ λL (ς * , λ * , σ * ) = 0 and σ * ≥ 0, we obtain
Thus, ς * and ξ * is a conjugate duality pair and the following equality holds
Therefore,P
It is easy to verify that Ξ(h
2). Now we show that h * = 1 2
is the global minimizer of
Problem (P Ig ). Since h * is a feasible solution, we only need to show that for any h, we haveP
In fact, for any h satisfying (14), we havẽ
Note that Ξ(h, ς, λ) is a quadratic function with respect to h and that
By these together with (29) and (30), it yields
We complete the proof. increase the discretization number and repeat the above process.
To proceed further, we need Schur complement lemma [20] .
where B 1 and B 3 are square matrices and B 2 is a matrix with proper dimension. If B 1 0, then A is positive semi-definite if and only if the matrix
To solve Problem (P d Ig ), we note that the matrix inverse is involved in the objective function (20) . By exploiting its structure, the main theorem of the paper is obtained by combining Theorem 1 and Lemma 2 as follows.
be the solution of the following semi-definite programming problem which is referred to as Problem (RSDP)
Proof. The validity of the results follows readily from Lemma 2 and Theorem 1. We complete the proof.
Problem (RSDP) is a linear SDP problem which can be easily solved by existing SDP software packages, for example, SeDuMi, [21] . Theorem 3
shows that solving Problem (RSDP) produces a global minimizer of Problem
is singular, there is still no way to dig out a global solution of Problem (P Ig ) from the solution of Problem (RSDP). Fortunately, this case is rather rare for our problem. Now we are in a position to present an algorithm for solving Problem (P) as follows.
Algorithm 1
Step 1. Initialization K, M and N .
Step 2. Randomly produce the small perturbation vector g.
Step 3. Solve Problem (RSDP) and output solution (t *
Step 4. Otherwise, go to Step 2.
Step 4. Using h * ig as an initial condition, solve Problem (P) with the functional inequality constraint (10) replaced by the approximate discritized constraints (14) by a gradient-based optimization method. Check whether the functional inequality constraint (10) is satisfied in a dense set of B s .
If it is, stop and output the solution h * . Otherwise, increase N and goto
Step 2.
Numerical Experiments
Let the desired magnitude response be given by
and α is chosen from [10
During our simulation, we set K = 32, M = 50, N = 200 and ε = −35dB. Algorithm 1 is used to solve the optimization problem (13) and (14) with different values of α. The small perturbation vector is generated by For comparison, we use the existing convex optimization methods used in [7, 24] in conjunction with a minimum phase spectral factorization method [25] to design a low group delay filter under the same criteria. More specifi-
and imposing a linear matrix inequality [24] to ensure the invertibility from r to h, a quadratic optimization problem with a linear matrix inequality and linear constraints in terms of r and an auxiliary matrix variable P c is obtained as follows:
where A c , B c , C c , D c are given in (7) in [24] . After finding the solution of achieves a much smaller group delay than h * c . Fig. 1 (e) shows that all zeros of h * α 1 are within the unit circle. Thus, the filter h * α 1 designed by our method is automatically a minimum phase filter without having to performing a minimum phase extraction step. This is not shared by any existing method. From this example, it is clear that our method can achieve a much smaller group delay while keeping the same design criteria.
To investigate the impact of the parameter α, we increase α from α 1 to α 2 = 10 −5 . Let the solution obtained by our method be denoted as h * α 2
. The results corresponding to h * α 2
and h * c are depicted in Fig. 2 . Fig. 2 shows that the group delay of h * α 2 becomes much smaller at the cost of some increase in its magnitude response in the passband and stopband.
Now we decrease α from α 1 to α 3 = 10 −7 . Let the solution obtained by our method be denoted as h * Table 1 .
Clearly, the parameter α plays an important role during our design process. In fact, the role of α is two-fold. On one hand, it is used to control the trade-off between the group delay and the magnitude response. The larger the α is, the smaller the group delay is achieved. Since the term to the presence of α, we have more freedom to control the trade-off between the magnitude response and the group delay. Furthermore, a proper choice of α can lead to a smaller group delay while keeping all the design criteria the same (see Fig. 1 ).
Conclusion
In this paper, the design of a low group delay FIR filter is studied. Unlike the conventional minimum phase method, we formulate it as a non-convex optimization problem directly. Our main contribution is that a novel numerical scheme is developed to solve this formulated non-convex optimization problem globally. Numerical experiments show that our design method can produce a filter with smaller group delay than those obtained by the existing convex optimization method used in conjunction with a minimum phase extraction method under the same design criteria. 
